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Symbolic analysis of finite words:
the complexity function

Sébastien Jaeger, Ricardo Lima and Brigitte Mossé

Abstract. We present several properties of the complexity function of finite words, the
function counting the number of different factorsin aword, for each length. To establish
afirst set of properties, we use the de Bruijn graphs and the suffix tree representations of
aword. Thisalowsusto show someinequalitiesthat control the variation aswell asthe
maximal value of the complexity function. Motivated by the applications, we discuss
the change of the complexity function when dliding or increasing the size of a window
laid down on a sequence to be analysed.
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1 Introduction

For any given finite word w, the complexity function quantifies the diversity of
factors of the word w. More precisely, for each natural number »n (from 1 up to
the length of w), the complexity function is defined as the number of different
factorsof lengthn inw. Suchafunctioniswell knownintheliterature, wherethe
reader may find important results on this topic, see [11] and references therein,
but mainly for the case of infinite sequences of symbols.

It was recently recognized that such afunction, in the case of the analysis of
afinite sequence in which we are interested, obeys certain constraints ([6],[5]).
When using the complexity function to analyze finite symbolic sequences, it is
important to notice first that there are some general properties of this function
that are independent of any specific sequence.

Thenweconsider someother issueswhicharerelated with several applications:
the study of the complexity of awindow that is either moved along the sequence,
or the size of which increases around afixed position.
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We hope that the present work may be useful for a better understanding of the
analysis of a specific sequence by means of the complexity function as well as
for the tuning of the algorithms used to computeit.

The present paper is organized asfollows. In section 2 we recall some defini-
tions, whereas section 3 is devoted to a presentation of some useful toolsfor the
study of the complexity function, together with some new basic general results.
The toolsinclude a graph representation of words (de Bruijn and Rauzy graphs)
as well as atree representation (the suffix tree). In section 4 we prove a family
of inequalitieswhich givesanew insight on the still open problem of completely
characterizing the set of al possible functions arising asthe complexity function
of afinite symbolic sequence. Typically, for atwo letters a phabet, the ratio of
the gradients of the complexity in two successive points is bounded by two; this
fact implies, in particular, the known constraints on the variation of the com-
plexity function. It is worth noticing that a word with the maximal complexity
aways exists, afact that we also prove in this section. In the last section we
prove some other new resultswhich can be used in the analysis of the complexity
of awindow, which either is diding along a sequence, or the width of whichis
changing. Besidestheir own interest, we will use these results in aforthcoming
work, [7], when analyzing the entropy function of finite sequences.

2 Basic conceptsand notation

Let us denote by A a finite alphabet of A elements, called letters. Then, AN
standsfor the set of al words of length N in A. Weshal writew = wg ... wy_1,
wherew;, e Aand0 <i < N —1,andinsuchacase, weset N = |w|. For
convenience, we also introduce the empty word ¢, with |e| = O.

Thewords wl(i,i + n — 1] = w;wi11...w;1,—1 &€ the factors of w, and are
called prefixeswheni = 0, and suffixeswheni+n = N. Wedenoteby Fact ()
the set of al factors of aword w, by Fact, (w) the subset of factors with agiven
lengthn , Pref (w) (resp. Suff(w)) the set of al prefixes (resp. suffixes) of w.
By convention, we add the empty word € to Fact (w), Pref (@) and Suff (w).
We also write L, (w) (resp. R, (w)) to denote the prefix (resp. suffix) of length
n of w.

For each factor v of w, D(v) (resp. G(v)) denotes the set of al possible right
(resp. left) extensions of v in Fact),+1(w), and we set d(v) = |D(v)| (resp.
g(w) = |G()]). A factor v isright (resp. left) specid if |d(v)| > 1 (resp.
Ig()| > 1).

Finaly, occ,(v) denotes the number of occurrences of v in w.
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SYMBOLIC ANALYSIS OF FINITE WORDS: THE COMPLEXITY FUNCTION 459

The complexity function of w isdefined as
Po(n) = #Fact,(w), iIf0 <n < |w|
and

Po(n) =0, ifn > |o|.

3 Useful tools and basic results

In this section we present some tools that are useful when dealing with the
combinatoricsof thefactorsof agivenword, aswell aswhen building algorithms
used to quantify them. We also use such toolsin order to show some new results.

3.1 ThedeBruijn an Rauzy graphs

The reader may find in [2] the background in graph theory used in what follows.

It was N.G. de Bruijn ([3]) who first introduced a graph representation for the
linking of a sequence of words; namely, for any integer &, he defined the oriented
graph G, whose vertices are the wordsin A% and arrows are connecting aword
v e A toaword v’ € A* when v’ issuffix of va, for someletter a € A. Inthis
case we say that a labels such an arrow. The graphs G are nowadays known as
de Bruijn graphs.

The pathsin G, arein aone-to-one correspondence with the words of length
> k, in anatura way: any path (vo, vy, ..., v,) Whose arrows are labelled by
ai, az, ..., a, is associated with the word w = wvoa;...a,. The support of such a
path is called the Rauzy graph of order k associated to w ([12]).

Itisclear how an arrow of G, can be identified with avertex of G4, asitis
clear that the incoming arrows in a vertex v represent G(v) and the outcoming
arrows represent D(v).

The graph G, is connected and pseudo-symmetric; therefore, by a classical
theorem in graph theory, it contains Eulerian cycles (each arrow appearsin the
cycle exactly once). By the corresponding property in G, 1, it contains also
Hamiltonian cycles (passing through each vertex exactly once).

The following remark will be used in section 4.

Proposition 1. Let H, be a Hamiltonian cycle in G,. Then, any connected
component of the graph obtained from G, by erasing the arrows of H; has an
Eulerian cycle.

Bull Braz Math Soc, Vol. 34, N. 3, 2003



460 SEBASTIEN JAEGER, RICARDO LIMA and BRIGITTE MOSSE

a

Figure 1: The graph G3 with aphabet {a, b}.

Proof. The graph so obtained is again pseudo-symmetric, each vertex having
exactly (A — 1) incoming and outgoing arrows. O

We shall now give examples of such situations. First, for atwo letters al phabet
{a, b}, we show two very different cases.

In figure 2 we can see that the complement of the Hamiltonian cycle Hs in
G3 is connected, up to the vertices supporting the loops, whereas in figure 3
we see the complement of a Hamiltonian cycle H, in G4, that has five different
connected components. Because of the existence of loops, we never obtain a
connected graph.

The following result shows that this situation cannot happen if the cardinality
of thealphabet isat |east three. We didn't find any convincing proof of thisresult
in the literature.
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baa aab

bab bbb

bba

Figure 2: The graph G3 with alphabet {a, b} (representation showing a Hamil-
tonian cycle Hs.)

Proposition 2. If #24 = X is at least three, the graph G, obtained from G, by
erasing the arrows of a Hamiltonian cycle H; is connected.

Proof. LetuybeavertexinGy,with|u| =k—1andy € A. By construction,
thereare A — 1lettersx;, 1 <i < A — 1, such that there exists an arrow x;u in
G, arriving at uy.

Since A — lisat least equal to two, for any couple (i, j) of different elements
in{1,..,A — 1} and any letter z € A, at least one of the words x;u or x;u is
connected by anarrow in G touz. For if not, the cycle H; would go through the
vertex uz twice, which is not allowed. Thereforethewordsx;u (1 <i <A —1)
and all the words uz (z € A) are in the same connected component of G;.
Alltogether, if awp isin aconnected component C of G, witho and 8 in A,
then for any letter z, the word awz is a vertex of C. But since wz isin turn
a prefix of a vertex of C, any element of A* isin C, and consequently G} is
connected. O
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bbba

Figure 3: Graph G, with alphabet {a, b}

From Propositions 1 and 2 we deduce the following:

Corollary 1. If #4 = A is greater than or equal to three and w is a word of
lenght A¥ 4 k — 1 associated to a Hamiltonian cycle in Gy, then w is a prefix of
aword o’ of length A*** 4 k associated to a Hamiltonian cycle of G1.

This means that, when A > 3, one can construct an infinite word « such that,
for each k, every factor of length k appears exactly once in the prefix of w of
length A + &k — 1.
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Figure 4: Graph G, with alphabet {a, b, c}: an Eulerian cycle is represented
(follow the arrows from 1 to 17).

3.2 Thesuffix tree

Another classic representation of the structure of the set of factors of a given
word is the suffix tree of w. Here the symbol $ designates a new letter which
does not belong to the alphabet A.

The suffix tree is atree whose root is the empty word and |eaves correspond
to the factors of w; an arrow labelled by a joins v to v when v’ € D(w) and
v = va.

This representation, which is commonly used in algorithmic for the searching
of patternsinside atext, as well asfor data compression, may be presented as a
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suffix automaton; it is obtained from ST (w) by deletion of the marker $ and by
identifying the factors of w ending at the same ranks in w. In figure 5 we give
an example of such a construction.

Figure 5: Suffix tree and suffix automaton of w = abccabb

For theoretical purposes, ST (w) is certainly appropriate when working with
right extensions of factors (or left extensions, after reversing ), and when we
areinterested simultaneously in factors of w of different lengths. 1nsuch cases, it
iseasier to handle ST (w) than the corresponding path in the de Bruijn graph G.
Therefore the choice among the two representations will depend of the context,
afact that we shall explorein section 3.

3.3 Theparticular factors L(w) and R(w)

When studying the complexity of afinite word w, there is a suffix that plays a
specia role; this is the shorter suffix of w that appears only once in w. Since
occ,(w) = 1, such asuffix aways exists.

We denote it by R(w), and by r (w) = |R(w)| itslength. Notice that R(w) is
also the shorter suffix of w that has no right extension as a factor of w. It also
appearsasthevertex that isthe most distant from theroot in the suffix automaton
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of w. Notice aso that, by construction, R(w$) = 1. We similarly denote by
L(w) the shorter prefix of w that appears only oncein w, and by I(w) = |L(w)|
the corresponding length.

We shall use such factors in a systematic way in what follows; the reader
may also see [5] and referencestherein for other interesting applications of these
factors.

We now introduce the following set:

Ew={nell ...,.lw|l—1}; L,(w) =R,(w) and occ,(L,(w)) =2} .

Proposition 3.
1. The set E(w) has at most one element, denoted by b(w).

2. If E(w) # @, then b(w) < r(w) and b(w) < [(w); more precisely r(w) =
[(w) = b(w) + 1.

Pr oof.

1. Let p and g be two different elements of E(w) with, for instance, p <
q < |wl|;then L,(w) = R;(w) andalso L ,(w) = R,(w). Butthen L ,(w)
appears at least 3 times in w, as prefix and suffix of w and as suffix of
L,(w). Thisimpliesthat p cannot be an element of E (w).

2. Clearly we have b(w) < r(w) and b(w) < I(w). Now, by definition of
b(w), the word L, (@) = Rpw) (@) appears twice in o, one of which
appearing as a suffix. Therefore Ly,)+1(w) iSthe unique right extension
of L) (w) and appearsonly oncein w. Finaly we get /(w) = b(w) + 1
and, on the same way, r(w) = b(w) + 1. O

4 General properties of the complexity of finite words
4.1 Thevariations of the complexity function

The constraints appearing in the behavior of the complexity function of afinite
word were investigated by severa authors. For the time being, the full char-
acterization of the functions from N to N that are the complexity function of a
finite word, in a fixed aphabet, remains unknown. Only very recently, see[8]
for more details, it has been possible to give a characterization of the possible
values of the total complexity, i.e. the total number of factors of afinite word,
without restraints on the cardinality of the alphabet.
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In[6] first,andin[5] infull generality, appearsadescription of someconstraints
on the possible variations of the complexity function p,,(n), that we now recall.

For any word w of length N on an aphabet A of cardinality A, the number
Do (n) isclearly bounded from above by min(A”*, N —n + 1); thefirstitem refers
to the size of the aphabet and the second to the number of possible different
positions of awindow of length » in aword of length N.

The following result gives more information on the complexity function.

Theorem 1. ([5]) Let w be a word of length N in an alphabet A of cardinal A.
There exist three natural integers no(w), n1(w) and n(w) suchthat 0 < ng(w) <
ni(w) < ny(w), for which

* pw(n) = A" on [0, no(w)],
* po(n)isincreasing on [no(w), n1(w)] and p,(n) < A" on Jng(w), n1(w)],
* po(n) is constant on [ny(w), na(w)],

* po(n) =N —n+4+1on[ny(w), N].

P, (M)

/l'.’.’.f.’.f".

no(w) Ny () nz(m) N

Figure 6: The variations of (p,,(1n)),
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4.2 Maximal value of the complexity function

By repeating the same letter N times, we build a word of minimal complexity,
namely p,(n) = 1, for 0 < n < N. The natural question concerning the
existence of aword of maximal complexity then arises. We show inthefollowing
that aword whose complexity is equal to the natural upper bound always exists.
We shall came back to thisfact in[7], where some of these wordswill be shown,
in aprecise sense, to have the maximal randomness: thisis somehow surprising
for finite words on a finite alphabet. The present proof also shows how the de
Bruijn graph may be used. (The reader will find in [5] another - closely related
- proof of the same result.)

Proposition 4. Let A be an alphabet of cardinal ». For any integer N there
exists a word w of length N such that

Po(n) =min(A*, N—n+1), for0<n<N.

Proof. Letk bethelargestinteger suchthat A* < N —k+1landm = N — (k+
1) + 1. Following the notation in Proposition 1, let us consider a Hamiltonian
cycle H; and the graph G, obtained from G, by deleting all the arrows of H;.
Let us denote by vy, ..., v,x the arrows of Hy, and by Cy, ..., C, the connected
components of G7, two by two digoint, labelled in increasing order from 1 to
r, as they appear while running H; from v; to v,x. For each component C;,
1 <i < r, letusdenote by u; theinitial extremity of the arrow v,, where we
meet C; for thefirst timein H; (in particular vy, = v1). Lét ¢; be the number of
arrows of C;.

We have \f 4+ c1 + - - - + ¢, = AL, and there exists an integer j € {1, ..., r}
for which m fulfills the following identity:

m=)\k+dj+cj+1+-~+cr, with 1§dj§Cj.

Let u denote a vertex of G, belonging to the connected component C;, and
linked by an Eulerian path of length d; to the vertex u ;.

We now consider a cycle in G, constructed by concatenating the following
arrows:

* d; different successive arrows of C;, starting at » and ending at u ;,
* thearrows of H; from v, t0 vy, 1, Starting at u; and ending at u 1,

* the arrows of an Eulerian cycle of C;4, starting at u ;1 and ending at
Ujt1,
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thearrowsof H; fromv,, , tov,,, 1, tartingat ;1 andending at u ;.2

. etc...,

the arrows of an Eulerian cycle of C,, starting at «, and ending at u,,
* thearrows of H; from v,, to vy«, starting at u, and ending at u1,

» findly the arrows of H from vy to v, 1, starting at u; and ending at u;.

The word associated to the cycle defined above has length M = N — k and
exactly A* factors of length k and m factors of length k + 1. Therefore its
complexity function has the desired property.

Note that, in the particular case where j = r (which will be the case when
A > 3, as needed in Proposition 3) the construction is somehow simpler. It is
sufficient to build the desired cycle by concatenating

* d; different successive arrows of C;, starting at « and ending at u ;,

« finally the arrows of H,, starting at u, and ending at u,. O

4.3 A familly of inequalities

We shall state now aset of inequalitiesfulfiled by the complexity function p,,(n),
which show the “smoothness’ of such afunction. Thiswill make more precise
the results stated in Theorem 1. In doing so, we shall focus on the suffix tree
representation of the word w.

Theorem 2.

1. Let A be an alphabet of cardinal A and @ a word of lenght N on A. Let
d* (resp. gX) be the maximal number of right (resp. left) extensions of an
element of Fact,(w) as elements of Fact,,,(w). Then

Po(n+k+1) — p,(n +k) <minfgr, d} (p,(n +1) — p,(n)),
ifn+k+1<N+1land p,(n +1) — p,(n) +1>0.

2. Any complexity function p(n) of a word of length N on A satisfies the
following inequalities:

pn+k+1)—pn+k)<min{pk),N—n+2— pn)}
x(p(n+1) — p(n)),
fn+k+1<N+land p(n+1) — pn)+1>0.
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Remarks.

1. Theinequalities above contain the fact that

entals p,(n+k+1) — p,(n+k)=0o0r —1,

as stated in Theorem 1.

2. Thefollowing equality holds for the sequence u(n) = A" itself:

un+k+1) —umn+k)=uk)(umn+121) —umn)) .

3. Note that the same inequalities as in Theorem 2 may be stated in the
following somehow different form:

Po(m +1) — p,(m) < g‘!rr’;l [min(g;"‘", df_") (Po(n + 1) — pu,(n)]
= gllnl;] [min(p,(m —n), N —n+2— p,(n)) (po(n +1) — p,(n))] .

The remainder of section 4 is devoted to the complete proof of Theorem 2.

The reader shall notice that, in the 6 following lemmas, we consider a word
o = u$ of length N, where $ ¢ A, the set A isreplaced by A U {$} and we
consider the suffix tree of u.

In this tree, the deep of a vertex is defined to be the length of the path which
connectsthe vertex to theroot of thetree. Let usdenoteby Z (i, j) the sequence,
with repetitions, of the labels of the pathsjoining the vertex of deep i to those of
deep j (i < j), inthelexicographic order; let E(i, j) bethe set of such labels.

For instance, there is no repetition in £(0, n), and E(O, n) is just the set
Fact,(w), containing p,,(n) dements (n < N). Thesequence £(1,n + 1) isa
sequence of p,(n + 1) different words of length n, each element of E(1,n + 1)
appearing as many times as it has left extensions by aletter (n + 1 < N).

Lemma 1. We have
Y @) =1 =py(n+1) - py(n)+1,
veFactp (w)

vESuff (@)

forn+1<N.
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Proof. Thislemmafollowsimmediately from the equality:

Po(n+1=p,(m) = Y (d(w)—1)

veFact,(w)

= Z dw)—1) —1. O
veFacty (w)

véSuff(w)
From Lemma 1 we get afirst upper bound of p,(n + 2) — p,(n + 1):

Lemma2. Let g, = max{g(v) ; v € Fact,(w)}. Then

Po(n+2) = pon+1) < g(po(n+1) —po(n)+1 -1, forn+1=<N.

Proof. Each element v of E(1,n + 1), except the suffix of length n of w,
appears ho more than g, timesin E(1, n + 1); moreover, if av € Fact,;1(w)
then d(av) < d(v).

On the other hand, the suffix R, (w) has aunique left extension, R, 1(w), the
last having no right extension in Fact (u). By using Lemma 1, we end up the
proof by setting:

Pt +2 —po(n+1 < Y g)d@® -1 -1
P
< &(po(n+1) — po(n) +1) — 1. g

We shall now sharpen the previous inequalities, using an argument which is
implicit in [5] and which may be useful in its own right.

Lemma 3. Suppose that v, is a right special factor with length n > 1 of w,
appearing in the last (right) position among all the right special factors of w
with length n. If in this position the word v, is followed by a letter ¢, then there
is no other occurrence of v,c in w.

Remarks.

1. Any non empty suffix S of w endswith $ and satisfiesd (S) = O; therefore
the word v,,, if it exists, cannot be suffix, which shows then the existence
of c.

2. The assertion of the lemmais false without the use of $, aswe can seein
the following counter-example: n = 2 and w = bacabac.
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Proof. Letw = wq...wy_1. Leti bethestarting position of thelast occurrence
of v,e. Let j, j # i, be another starting position of v,c. Then we can write
Wi ...0N_1=Vycq1...0, ANAw;...0n_1 =V,cP1... 0, Withr > 1ands >
r >1 Sincea, = $andr < s, thereisan integer k > 1 such that v,ca; . .. o
and v,cB; ... B areidentical, but for the last letter. Setting v,cas ... o = vay,
and v,cf ... Br = vBk, we see that the suffix v is right special and has length
exactly n, which isin contradiction with the assumption on v,. O

From Lemma 3 immediately follows the next:
Lemma 4. With the same notation as before, we have g(v,c) = 1.
We use thislemmato prove the following:

Lemma 5. With the same notation as before, we have

pa)(n + 2) - Pw(” + 1) = gn(pa)(n + 1) - Pw(”)) )

if p,n +1) — p,(n) +1> 0.

Proof. Under the above assumption on r, there exists aright specia factor of
lengthn in w.

According to Lemma, it is the possible to refine the inequality of Lemma 2:
if av,c and Bv, aretwo factors of w, thend(Bv,) <d(v,) — 1.

Therefore

Po+2) —po(n+1) < > ) (d®) - 1)
veFactp (w)

vESuff (@)

v#up

+ (&wn) = DWy) =2+ (d(v,) - -1

< D &) =D+ (g~ DE@) -+ @) - ~1
o
v#up
=g Y @AW —1D =g =gP.r+1) - p,(). O

veFacty (w)

veSuff ()
Lemma 6. With the same notation as before, we have
Po(n+k+1) = pu(n +k) < g (pon +1) = pu(n)
ifn+k+1<Nand p,n+1) — p,(n)+1>0.
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Proof. It remains to extend Lemma 5, by considering now the sequence
E(k,n + k) inside ST (u).

Inthis sequence, every word isrepeated as many times asthe number of itsleft
extensions by words of k letters. Thisiswhy wedefined g* asbeing the maximal
number of left extensions by words of k letters of an element of Fact,(w) in
dementsof Fact, i ().

Let usfirst consider the casewhere v,, doesnot appear inthe sequence £ (k, n+
k); in this case, since v, isthe last among al the right special factors of length
n in w, thereis no right special factor in E(k, n + k), and then

Po(n+k+1) —p,(n+k)=-1 and g(p,(n+1) —p,(n) >0,

andthelemmafollows. Onthecontrary, if v, appearsinthesequenceE (k, n+k),
we only need to repeat the proof of Lemmalb, replacing g, by gX. O

Proof of Theorem 2.

1. Let usnow come back to the case of aword w of length N on A, without
adding the extra symbol $.

From one side
Pos(n) = po(n) +1, if 1<n<l|o|+1,
and therefore, forn + k +1 < N + 1, we get
Poin+k+1) —p,(n+k)=psn+k+1) — ps(n+k).

From the other side, the maximal number of left extensions of factors of
length n asfactors of length n + k isthe samefor w and w$, since L, (w$)
doesnot occur in w. Wethusget, forn and k suchthatn +k+1 < N+1
and p,(n +1) — p,(n) +1> 0,

Pom+k+1) — p,(n+k) < gh(po(n+1) — p,(n)).

From there we deduce the desired inequalities, using the symmetry of role
of left and right extensions of the factors of w.

2. It remains to get an upper bound for g*. It is clear that g¢ < p(k).
Moreover gX iscertainly smaller than the maximal number of occurrences
of afactor v of lengthn in w. Since there are p,, (n) such factors, we get

occy,(V) = (N —n+1) — (po(n) = 1). Ol
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4.4 Localization of [(w) and of r(w)

It is now possible to use Theorem 1 to localize I (w) and r(w), with respect to
no(w), n1(w) and na(w).

Proposition 5. Both integers I(w) and r(w) belong to the set [no(w), n1(w)] U
{na2(w)}.

Proof. If n < no(w), thentheword L, (w) has A |eft extensions, and therefore
[(w) > n; inthe same way, r(w) > n. For n > ny(w), theword L, (w) has no
left extensions and then I (w) < ny(w), aswel asr(w) < no(w).

Finaly, if theinterval [n1(w), no(w)[ isnot empty, therearetwo possible cases:

« either al the factors of length n of w have aunique left extension, for all
n € [ni(w), na(w)l,

e or,forany n € [n1(w), no(w)[, theword L, (w) has no |eft extension, one
factor of length n has two left extensions and all the others have only one
extension.

Therefore, we can never have [(w) €lni(w), na(w)[, and similarly for
r(w). U

5 Thecomplexity function of a window

We shall now use the complexity function as atool for the analysis of symbolic
sequences.

Let afinite alphabet A and a (large) sequence S that we want to analyze be
given. Inthiscase we can think about awordw € AN, N < |S|, asthefactor of
the sequence S appearing in awindow of length N, set down at some position of
S. Itisthen natural to consider observables @, being functions of A" to some
set of numbers, functions, histograms, etc..., that give some piece of information
about the segquence.

In such asituation, it may be interesting to describe the fluctuations of @ (w)
when w dlidesalong S (w = S[i,i +n — 1] and i varies), or when the size of
the window increases around a given positionin S (w = S[i —n,i +n] andn
varies).

In the present section we shall analyze this situation when @ (w) standsfor the
complexity function of w, a case met, for instance, when analyzing the variety
of patterns present in asequence S. It isthen important to have a control of the
possible fluctuations of @ (w) along S.
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5.1 The complexity of a sliding window

Let S be a sequence on an alphabet A, and N an integer which is the length of
the sliding window.

Given a factor w of S of length N, let us write w = S[i,i + N — 1] with
i+ N < |S]; wenow intend to compare the complexity functions of « and of
ow=S[i+1i+ N]J.

In the sequel, o’ denotesthe word S[i, i + N].

Proposition 6. With the same notation as before, we have
1. ifn < min(l(@), r(@)), then
Po(n) = py(n) = psu(n) ,
2. e ifl(0) <r(0)and () <n < r(e), then
Po(n) = pu(n) = pou(n) +1,
e ifr(0) <l(o)and r(e') <n < Il(e), then
Po() + 1= py(n) = peu(n),
3. ifn > max{l(o), r()}, then
Po(n) + 1= py(n) = pou(n) +1.

Proof. Itisclear that p,(n) € {p,(n), p,(n) + 1}: the only factor of ' that
canbein Fact, (@) \ Fact,(w) is R, (). But thisonly happenswhen R, («')
occursoncein o', that isto say whenn > r(o').

To complete the proof, it remains to use the symmetry between w and o w, by
reversing S.

Let us now denote ¢/ = S[i,i + N — 1], ; = I(S[i,i + N]) and r;, =
r(S[i,i + N]),forO<i <|S|-N-1.

A conseguence of Proposition 6 is that knowing the complexity function
of the first window o® = S[0, N — 1] and the sequences (/;)o<;<|s|_n—1 and
(ri)o<i<|s|-N—1, We are able to reconstruct the complexity functions of al the
successive windows of length N in S (seefigure 7):

e ifn <min{l;, r;} orif n > max{l;, r;}, then p i1(w) = p,i (w),
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o N ® ©

o

o B N W &

R, ()

P,5)

Figure 7. The sequences (I;) and (r;) and the reconstruction of p,..

o ifl; <n <r,then pivi(w) = pyi(w) — 1,
e ifr, <n <, then pyivi(w) = pyi(w) + 1.

Note that, in Proposition 6, only appear the lenghts /(") and r ('), and not
directly [(w), r(w), l(cw) or r(cw). The following proposition allows us to
make connections between these quantities. Furthermore, it enables us to make
more precise the variations of /; and r;.

Proposition 7.
1. With the same notation as before, we have
« either B(w’) # @, and then
(@) +1=1(0) =r@)=r(cw)+1,
* or B(w') = ¥ and then
l(w) = 1(o) and  r(@) =r(ow).
2. In each case, we have

l(w) <llow)+1
and r(cw) <r(w)+1.
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Proof.

1. If L(w) isasuffix of o', wehave occ, (L(w)) = 2and occyo,(L(w)) = 1,
and then B(o') = {L(w)} and R(cw) = L(w); but by proposition 3 we
get

() =r@)=b)+1=Il(w)+1=r(cw)+1.

If, on the contrary, L(w) is not suffix of «’, then occ, (L(w)) = 1 and
L(w) = L(); thusl(w) = l("), and also r(0") = r(cw) by reversing

o'

2. Let  be the last letter of «’. We do not have occ,(R(w)x) > 1, for
otherwise occ,(R(w)) > 1. Thusr(ow) < r(w) + 1, and aso [(w) <
l(cw) + 1 by reversing '. O

The following result is then immediate (see figure 7):
Corollary 2.
1L Ifriga>r,thenr i =r + 1

2. If liv1 <1, then Liyvi=10 -1 U

5.2 Thecomplexity of a window of increasing size

We want now to compare the complexity functions of the factors w = S[i, i +
N—1land W = S[i —1,i + N] of thesequence S, withl <i < |S|—- N — L
For this purpose, we usetheset E(W) = {n < |W|; L,(W) = R,(W) and
occw (L, (W)) = 2} introduced in section 2.
Let us recall that, following Proposition 3, the set E(W) is either empty or
reduced to asingle element {H(W)}. We then get the following assertion:

Proposition 8. With the same notation as before, we have
« either E(W) # ¢, and then

pw() ifn < b(W)
pw(n) =1 puw(m)+Llifn=>bW) |,
pw®) +2ifn > b(W)

e or E(W) = @, and then

pw(@) ifn < min(l(W), r(W))
pwn) =1 p,(n)+1if mind(W), r(W)) <n < max({(W),r(W)) .
Pw@®) + 2if n > max(((W), r(W))
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Proof. It is sufficient to remark that py (n) — p,(n) € {0, 1, 2}, since only
L,(w) and R, (w) may be elements of Fact, (W) ~\ Fact,(w). O
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